Recently, diamond structure GeSn alloys have been attractive for light-emitting [8] [9] [10] and electronics 11, 12 applications owing to the potential direct bandgap of GeSn alloys and small transport effective masses, respectively. The indirect-direct bandgap transition of relaxed GeSn (r-GeSn) alloys reportedly occurred at Sn content around 7−10%. 8, [13] [14] [15] [16] A zero gap behavior was also reported for r-GeSn at the Sn content larger than ∼40% based on band structure calculations. 17, 18 However, the occurrence of the band inversion in metallic GeSn alloys, implying a non-zero Z 2 invariant in GeSn alloys, has not been discussed yet. The nonlocal empirical pseudopotential method (EPM) has been widely used for calculating the electronic band structures of SiGe [19] [20] [21] and GeSn 11, 15, 22 alloy systems using virtual crystal approximation (VCA). The pseudocharge density, ρ pseu , calculated by the elec-
and Γ + 8 band states at zone center are s-like (antibonding s orbitals) and p-like (bonding p orbitals), respectively, for both Ge and α-Sn. 25 The calculated bandgaps and band offsets in s-GeSn/r-GeSn using our EPM, where Sn content ≤ 0.3, have been reported. 26 In this work, the phase transition from a semiconductor to a topological semimetal in r-Ge 1−x Sn x alloys (0 ≤ x ≤ 1) is investigated using EPM. This transition is determined from the corresponding wave functions of Γ − 7 and Γ + 8 band states at zone center. For strained Ge 1−x Sn x (s-Ge 1−x Sn x ) alloys (0 ≤ x ≤ 1), three phases (semiconductor, indirect semimetal, and topological Dirac semimetal) are found depending on Sn content and compressive strain level.
In EPM, the one-electron pseudo-Hamiltonian derived from Ref. 27 has four terms of the kinetic energy, local pseudopotential form factors (V loc (q)), nonlocal correction terms (V nloc ( G, G )), and spin-orbit interactions (V so ( G, G )). The V loc (q) versus reciprocal lattice vectors (q = |G − G |) are presented by the expression 
The lattice constants (a 0 ) at 0 K of Ge (5.652Å) and Sn (6.482Å) are calculated using the value at RT 29 and the corresponding thermal expansion coefficients 30 . EPM parameters of V loc (q), spin-orbit interactions (ζ and µ), and a fast cut-off tanh part 28 ement plane wave basis set { G} is 339. Details of the three terms (V loc , V nloc , and V so ) were reported comprehensively by theoretical works. 15, 19, 20, 27, 31, 32, 37 Here, we describe the approaches to take into account both strain and alloy effects in these three terms. The terms of V loc and V nloc , and the parameter λ in the V so of Ge-Sn alloy systems are obtained by VCA using the following formulas
both for V loc and V nloc .
The { G} and the normalizing strained atomic volume Ω i s generated from the lattice vectors are considered in the Hamiltonian matrix 20 with the strain and alloy effects. The linear interpolation of elastic constants (C 11 , C 12 , and C 44 )
38 and a bowing of 0.047Å 39 for the lattice constant of GeSn alloys are used. Note that the coherent potential approximation (CPA) in agreement with the VCA results in homogeneous GeSn alloys (substitutional α-Sn in Ge) was reported. 40, 41 CPA was used to consider the inhomogeneous GeSn alloys with β-Sn defects, that may not exist at zero Kelvin discussed in this work according to the formula in Ref. 41 . The calculated indirect bandgap (E gL = L
) as a function of Sn content for r-Ge 1−x Sn x are shown in Fig. 2 . Our calculations agree well with the reported experimental data at low Sn content (E gΓ and E gΓ +∆ 0 ) near 0 K 14, 42 . The calculated bandgaps of α-Sn (E gL = 0.13 eV, E gΓ = −0.43 eV, and ∆ 0 = 0.8 eV) are also consistent with reported values (E gL = 0.12 eV, 34 ,36 E gΓ = −0.42 eV, 35 and ∆ 0 = 0.8 eV 35 ). There is no experimental E gL data of rGe 1−x Sn x near 0 K reported in literature. E gΓ decreases faster than E gL with increasing Sn content and this results in an indirect-direct bandgap transition around x = 8.5% for r-Ge 1−x Sn x .
26 For x > 41%, the degenerate Γ + 8 ) forms a gapless topological semimetal (E g = 0 eV) with the band inversion that the s-like Γ Fig. 1 (b) ]. The energy differences Γ For s-Ge 1−x Sn x layer pseudomorphiclly grown on a Ge (001) substrate, the phase transition in the band structure from semiconductor to indirect semimetal with the increase of Sn content is shown in Fig. 3 . Note that we assume that a metastable fully strained thin layer s-Ge 1−x Sn x could be grown on Ge even though a high Fig. 3 (c) ], the band inversion of Γ 6 For s-Sn on Ge in Fig. 3 (d) , the large compressive strain (∼−12.8%) moves the Γ 45 Without the energy dependence V nloc term for the core states, the symmetries allow the occurrences of band inversion and Dirac point even though loss of accuracy in energy. The coexistence of band inversion and Dirac point in s-Ge 0.4 Sn 0.6 on Ge without V nloc is shown in Fig. 3 (c) . 46,47 at low Sn content (not shown). For 0 ≤ x ≤ 30%, E gΓ decreases faster than E gL . As a result, the energy difference E gΓ -E gL decreases with increasing Sn content. However, no crossover point is found because the increasing biaxial compressive strain with increasing Sn content moves the Γ state with increasing biaxial compressive strain.
In order to form a topological Dirac semimetal in s-Ge 1−x Sn x , the biaxial compressive strain should be smaller than that of s-Ge 1−x Sn x on Ge to make the energy of L + 6 states in Fig. 3 (b) and (c) beyond the Γ + 8 state. In this case, the Fermi energy lies in the middle of Dirac points to ensure the occupied Γ − 7 state. 3, 6 In the phase diagram defined by Sn content (0 ≤ x ≤ 1) and biaxial compressive strain (0.1% ≤ |ε || | ≤ 3.5%) [ Fig.  5 (a) ], the semiconductor/topological Dirac semimetal transition for s-Ge 1−x Sn x is found in the Sn content range of 41−60% (the red line in Fig. 5 (a) ). For semiconductor phase, the fundamental bandgap has three distinct regions for E g∆x , E gL , and E gΓ . Note that the conduction band minima at ∆ points are split into the 4 fold (2∆ x and 2∆ y ) and 2 fold (2∆ z ) valley degeneracies under biaxial compressive strain and the 4 fold has lower energy than the 2 fold. The band structures on the k || −k z plane of s-Ge 0.4 Sn 0.6 with the biaxial compressive strain (ε || ) of −0.5% and −3% show one pair of three-dimensional Dirac cones along the k z direction 6 with ε || = −0.5% and −3% are also confirmed by the parity eigenvalues of the four occupied bands using our EPM. This is classified as a topological Dirac semimetal. 4 In addition, the effective Hamiltonian for the Dirac fermion 4 is used to obtain the velocity along k || direction of 8.35×10
6 and 1.45×10 7 cm 2 /s for s-Ge 0.4 Sn 0.6 with ε || = −0.5% and −3%, respectively. The opening gap at zone center of topological Dirac semimetal changes from Γ 
